Hat trong hop ba chiéu — su suy bién
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Tém tat ndi dung
Hién tugng suy bién clia cdc mitc nang lugng 13 mot hién tugng
kha pho bién déi véi cac he vi mo. Ching ta sé budc dau tim hiéu
hién tugng nay thong qua viéc khdo sat ning luong cilia hat chuyén
dong trong khong gian ba chiéu. Tit két quad bai todn hat trong hop
chit nhat, ching ta sé tinh cac gia tri trung binh nhu vi tri va dong
lugng ctia hat.

1 Phuong trinh Schrodinger cho hé mot hat trong
khong gian ba chiéu

Phuong trinh Schréodinger khong phu thudc thei gian cho hé mot hat, trong
khong gian mot chiéu dude viét nhu sau

Hy(x) = Ei(x) (1)
v6i E 1a nang lugng; H 1a toan tit Hamiltonian

R R N h2 d2
H=T4Ve) =5 0n

V(z) (2)
Trong (2), toan ti T, 1a toan tit dong nang; YA/(J:) 13 toan tit thé ning.

Trong khong gian ba chiéu, dong ning ciing nhu thé ning ciia hé phu
thudc vao ca ba thanh phan toa do z,y, z

V=V(zy,z2) (3)

T=T,+T,+T. =~ + o+

a2 " 9y T 922

h? ( 0? 0> 0? ) )

2m
Do d6, phuong trinh Schrodinger khong phu thuoc thoi gian cho hé mot hat,
trong khong gian ba chiéu c6 dang

[ h? ( 0? 0? 0?

T —) + V(x,y, z)}@b(x,y, z) = Ey(x,y,2) (5)

2m\oz2 ' Oy? | 922



Trong (5), toan ti

= a2 Oy? + 022 (6)

duge goi 1a todn i Laplacian (V?— del binh phuong). Nhu vay, phuong
trinh Schrédinger (5) ¢6 thé duge viét gon hon nhu sau
h? 9
[_%V +V($aya2):|w(x’yvz) :E¢(x,y,z) (7)
Néu hé gom n hat thi dong ning ctia hé bing tong dong ning clia cac
hat trong hé. Do dé, ta cé

n

PN K2
T:z;ﬂ:—zzwvf (8)

i=1
Thé nang 13 ham phu thudc vao toa do clia cac hat trong hé

V:V(xlaylazla-'-axnaynazn):V((ha---aQn) (9)

Ham trang thai clia hé cling sé phu thuoc vao toa do ciia tat ci cic hat
trong hé
w = d}(xhyb Zly+++3Tn,y Yn, Zn) = ¢(Q17 o aQn) (10)

Nhu vay, déi véi hé nhiéu hat, trong khong gian ba chiéu, phuong trinh
Schrodinger khong phu thudce thoi gian la

n 2

(S Vi) ) = Boarg) ()

— 2m,;
=1

Vi dy, phuong trinh Schrodinger cho mot hé gom hai hat chuyén dong
va tuong tac véi nhau, trong khong gian ba chiéu dude viét nhut sau

2

IR 2~
1 + 2m2

h?
[le

V3 + Vg, Q2)]¢(£J1’ q2) = EY(q1, q2)

Trong d6 q1 = x1,y1,21 Va g2 = T2, Ys, 22 12 toa do clia hat thit nhat va hat
tha hai.

2 Hat trong hop ba chiéu

O0<z<a
Viz,y,2) =0 bén trong ving ¢ 0 <y <b
0<z<e

V= G nhiing naoi khac



Hop ma ching ta sé xét dén 1a hop chit nhat véi do dai cac canh 1a a, b, va
c. Hé toa do duge chon sao cho mot trong cac dinh ctia hop nam tai goc toa
do va cac truc x,y, z 1a ba trong s6 12 canh ctia hop. Thé nang bén trong
hoép 1a zero; ngoai hop 1a vo cuing.

Véi diéu kién nhu trén, ta két luan rang ham séng bang zero 6 bén ngoai
hop. Beén trong hop, toan tit thé ning bang zero, nén phuong trinh séng
Schrodinger khong phu thudc thoi gian sé 1a

h? ( 0? 0? 0?

Tt ot 5 ) 6(Ee) = Bl ) (12)

2m
Gia st nghiém clia phuong trinh (12) duge viét duéi dang tich ctia ba
ham X (z), Y(y), va Z(z) chita cac bién s6 z,y, 2 doc lap; nghia 1a

(,y,2) = X(2)Y (y)Z(2) (13)

Phuong phap duge ding dé giai phuong trinh vi phan nhu trén dude goi 1a
phaiong phdp tdch bién (seperation of variables).
Thé (13) vao (12), nhung dé don gian ta viét X, Y, Z thay vi X (z),Y (y),
Z(z), ta dugc
0*(XY Z) N 0*(XY Z) N 0*(XY Z) 2m

52 57 5 ~ S BE(XYZ) (14)

Vi Y Z khong phai 1a ham cta z; X Z khong phai 1a ham ctia y; XY khong
phéi 1a ham cla z nén ta cé

0*(XY Z) 02X

ox?2 Yz Ox?

2 2

PXYZ) _ Y

Oy? 0y?
R(XYZ) Rz
- xy2 =2

072 022

Do d6, (14) tré thanh
vz X L x 7%V ey &L 2 (XY 2) (15)
Ox? Oy? 022 h?

Chia phuong trinh (15) cho XY Z, ta dugc

1 1 1 2m
7X// 7}/// 7zl/ — —7E 1
X * Y * Z h? (16)
hay
X R Y R 2
2m X(xz) 2m Y(y) 2m Z(z)

—E (17)
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T do, ta co

2 /! 2 /" 2 1

CRX@) R B2 o)
2m X(x) 2m Y(y)  2m Z(2)

Ta thay vé trai cia phuong trinh (18) hoan toan khong phu thuoc vao
cac bién y va z. Trong khi d6, vé phéi ctia (18) hoan toan khong phu thuoc
vao bién z. Nhu vay dé hai vé phuong trinh bing nhau thi phuong trinh
phai bang mot hing s6. Dat hing s6 nay 1a E,, ta co

n? X"(x)
By =—— 19
2m X (z) (19)
Lap luan tuong tu nhu trén, ta duge
ﬁ2 Y h2 AL
2m Y (y) 2m Z(z)
Két hop véi (19) va (20), phuong trinh (18) trd thanh
E=FE,+E,+E, (21)
Ta viét lai cac phuong trinh (19) va (20) nhu sau
2m
X&) + S5 EoX () = 0 (22)
" 2m
Yoy) + 5 EyY(y) =0 (23)
2m
Z"(z) + ﬁEZZ(z) =0 (24)

Tém lai, ching ta da chuyén mot phuong trinh vi phan rieng phan véi ba
bién thanh ba phuong trinh vi phan chi chita mot bién. Ta thay (22) chinh
13 phuong trinh Schrodinger cho hat trong hop mot chiéu véi thé nang trong
hop V(z) = 0 va chiéu dai la [ = a. Nhu vay, nghiém cta (22) 1a

X(z) = \/g sin (”"”;m) (25)

n2h?
E, = 8;:1@2 (n, =1,2,3,...) (26)
Tuong tu, ta co
2
Y(y) = \[ sin (”y”y) (27)
b b
nzh2
Y= 302 (ny =1,2,3,...) (28)



Z(2) = \/z sin ("Cm) (29)

E, == (n, =1,2,3,...) (30)

Nhu vay, nang lugng cuia he

h? /n2 nf, n2
BB+ Byt Be= g (5 + ) (31)

Ham séng cta hat trong hop ch@ nhat

(Y, 2) = X(2)Y (y)Z(2)

8 sin(
——sin
abe a

NgTX Ny T

)sin(=2 Yy sin(2212) (32)
Trong do, a, b, c 1a do dai chia cac canh theo cac truc x,y, z tuong ting. Ham
séng c6 ba s6 luong t ny, ny va n,. Ching bién d6i mot cach doc lap véi
nhau.

Ham soéng c6 dang

N,TZ

U(x,y,2) =

Cc

U(z,y,2) = X (@)Y (y)Z(2)

dugce chuan héa nhu sau

[ ] [ pwe) waa: = [ [ [|x@ywze)| s
= /’X(z)‘de/‘Y(y)‘Qdy/‘Z(z)
1

2
dz

hay

/‘X(x)fdx:/’Y(y)(Qdy:/’Z(z)(de:1 (33)

3 Su suy bién

Xét hop c6 dang hinh 1ap phuong, a = b = ¢. Khi dé, cac mitc nang lugng
dugce xac dinh béi
2

h
E = o (n2 +n2 +mn2) (34)

Ning lugng thap nhat hay nang lugng diém khong ctia hat, tng véi trang
thai ny, =ny, =n, =1, 1a




bang ba lan nang lugng ctia hat trong hop mot chiéu c6 ding do dai. Cac
mic ning lugng tiép theo thu duge khi tang dan cac gia tri ng, ny,n,. Vi
duy, khi tang mot s6 lugng tit lén 2, gitta nguyén hai s6 lugng ti con lai 1a 1,
ta sé c6 3 gia tri Fo11, F121, F112. V6i bo ba ) lugng ti (1, 1, 2) thi

n:% + ni + nz =6
Do dé

2
Es11 = Ei91 = F112 =6 X

8ma?
Tuong tu, v6i bo ba s6 lugng t1i (1,1,3) thi

2
E311 = E131 = Ej13 = 11 %

8ma?
n2 + nf, +n? NgNyN E Bac suy bién
3 111 3(h?/8ma?) 1
6 211 121 112 6(h?/8ma?) 3
9 221 212 122 9(h?/8ma? 3
11 311131113 11(h?/8ma?) 3
12 222 12(h%/8ma?) 1
14 321312 231 213 132 123 14(h?/8ma?) 6
Bang 1.1: Mot sé mic nang luong thap nhat cia hat trong hop
E
A
212 122 221
112 121 211
111

Hinh 1.1: Mot s6 mic nang lugng thap nhat clia hat trong hop

Chiing ta thiy c6 nhiing trang thai ma nang lugng ciia hat bing nhau
mic du s6 lugng tit khac nhau. Vi dy, tng v6i gia tri

n? +n§ +n2=6 = E = 6(h*/8ma?)

c6 dén ba trang thai 1a

Ng | Ny | N, | Trang thai
1112 112
1121 121
21111 o171




Nhu vay, tng véi miic nang lugng E = 6(h?/8ma?), hat trong hop lap
phuong duge mo té béi ba ham séng

Y112 = \/gsm(ﬂax) Sin(@) Sin(%iz)

a a

121 = \/gsm(ﬂ:) Sin(%Ty) Sin(%)
ho11 = \/fism(m) Sin(Ly) Sin(Lz)

a a a

Ba ham séng 211, %121, ¥112 mo ta ba trang thai khac nhau ctia hé v6i cung
mitc nang lugng. Khi hai hay nhiéu ham séng tuong ting véi nhitng tang thai
c6 ciing dic tri nang lugng thi dic tri nay duge goi la suy bién (degenerate).
Bac suy bién ctia mot mitc nang lugng 1a s6 trang thai ma mic nang lugng
d6 c6. Trong vi du trén ta c6 suy bién bac ba: ¢6 ba trang thai cling miic
nang lugng E = 6(h?/8ma?).

4 Su chong chat cac trang thai suy bién

Xét mot trang thai suy bién bac n, nghia 1a ¢6 n ham séng doc 1ap 11, o,
s, ..., ¥, cing muc nang lugng E. Ta cé

Hyy=Ey1;  Hiyo=Ey; ...  Hpo=By,  (35)

Theo nguyén 1i chong chat, néu 11,1, 13, ..., ¥, 1a nhitng trang thai ctia
mot hé thi trang thai duge xac dinh béi

Y=car+ e+t ety (36)
cling la mot trang thai cia he. That vay, tu (36), ta c6
Hyp = H(crtn + cotho + - - + cnthn) (37)
Toan t1t nang lugng H 1a toan ti tuyén tinh. Do d6
H(crthy + caty + -+ - + enthn) = cr Hipy + coHpy + -+ - + ey Hip,  (38)
Thé (35) vao (38), ta dugc

H(cithy + catho+ -+ cathn) = 1By + caBiba + -« + cn Bty
= E(ayr + e+ - + cuthy)

vi ) = c191 + c2t9 + - - - + ¢y, nén phuong trinh trén tré thanh

Hiy = Ey (39)



Tir két qua trén, ta thay ham to hop tuyén tinh ¢ ciing 1a mot diic ham cia
toan tit Hamiltonian véi cung dic tri ning lugng E. Do dé, né cing 1a mot
trang thai ctia hé.

Néu hé suy bién bac hai thi ta chi c6 mot trang thai t6 hgp tuyén tinh

P = c11 + ca)a

Khi bac suy bién 16n hon hai, sé c¢6 rat nhiéu trang thai t6 hgp tuyén tinh
dudc tao ra. Vi duy, v6i truong hgp suy bién bac ba, ta c6 cac trang thai %)
hgp tuyén tinh nhu sau

12 = 191 + catbe
Y13 = c11 + 33
a3 = cotha + 313
Y123 = 191 + cav2 + €313

Cac trang thai nay déu c6 cuing miic ning lugng.

5 Gia tri trung binh

Tién hanh n phép thit. Gid st B la dai luong ngiu nhién nhan cac gia tri
c6 thé by, by, ..., b, v6i s6 lan nhan 1a ki, ks, ..., k,. Gia tri trung binh cia
dai lugng ngau nhién B trong n phép thit 1a

_ 1 ]{7;
b=(b) = —(kbs +bawy 4 +bown) = D b= fibi  (40)

%

v6i f; = — la tan sudt dé B nhan gia tri b;. Vi du, khi tién hanh khao sat
n

diém thi ctia 9 sinh vien, ta c6 két qua nhu sau 0,20,20,60,60,80,80,80,100.
Diém trung binh trong trudng hop nay la

% Z kib; = %{1(0) + 2(20) + 2(60) + 3(80) + 1(100)} = 56

Khi n d 16n thi ti s6 — chinh la x4c suat quan sat thiy gia tri b;, ki
n

hiéu la P;, ta c6

(b) =>_ Pib, (41)

va gia tri trung binh (b) duge goi la gia tri ki vong.
Bay gio, gia st ching ta mudn xac dinh vi tri cia mot hat dang & trang

thai ¢ (x). Theo Born,
c6 nghia 1a cac phép do toa do = khong cho mot két qua duy nhat. Néu ta

2
w(x)‘ la x4c suat tim thay hat tai vi tri z. Diéu nay




thyc hien phép do nhiéu lan thi ta sé thu duge nhiéu gia tri khac nhau. Do
d6, c6 thé ta sé phai tinh gia tri trung binh (z) cho nhitng phép do nay. Toa
do x c6 gia tri lien tuc, v xac suat tim thay hat 14 ham mat do xac suat

2
‘\II‘ nén gia tri trung binh (z) dugce tinh nhu sau
+o0 2 +oo
(x) :/ x‘zp) dx = Y rdr (42)
—0o0 —o0

0 day, chtiing ta xem gia tri trung binh 1& gia tri ki vong. Theo Ii thuyét xac
suat thong ke, gid st X 13 dai lugng ngau nhién lién tuc ¢c6 ham mat do xac
suat f(z). Ki vong cia dai lugng ngau nhien X duge xdc dinh béi

Ex = /+OO xf(x)dx

—00

Téng quat, gia tri trung binh cia mot thudce tinh B duge xac dinh béi
B) = [ vBida (43)

Khi ap dung v&o co hoc lugng tit thi thuoc tinh B sé duge thay thé bang
toan ti B cua thudc tinh d6. Nhu vay (43) tré thanh

(B) = / V* Bpdx (44)

Trong truong hgp dac biét, néu 1 14 mot dac ham cta B véi dac tri 5;
nghia 1a

By = B
thi ta c6
B) = [ wBuds = [ v pude =5 [ vvdo =g (45)
vi
/ rdr = 1

do ham 1 dugc chuan héa. Nhu vay, gia tri trung binh ciing chinh la dac
tri. N6i cach khéc, dic tri 3 ciia toan tit B 1a két qua duy nhit ta thu duge
khi thue hien phép do thuoe tinh B dude mo ta bdi B.
Vi du: Tim (z) va (p,) cho hat trong hop ch nhat, § trang théi co ban.
Ta c6

W= b [ 21300 oy



Véi (z,y,2) = X(2)Y (y)Z(2) va T = z, ta dugc

(x) ///XY*Z*Z‘XYZdl‘dde

X*dex/ Yy* Ydy/ Z*Zdz
0 0 0

/ X*zXdzx
0

b c
Y*Ydy = / 7*7dz =1
0 0

vi
Do do

Tuong tu, ta co

(Pz) = ///XY*Z*ﬁmXYZda:dydz

= / prde/ Yy* Ydy/ Z*Zdz
0

= / X'p.Xdz
0

~ L d
vl D, = —’Lhd—, ta dudc

(pa) = —il /0 aX*(:L‘)%X(x)dx — _ih /0 " X (@)X (2)da

. 2 ™
vi X(x) = \/;sm( . > 1& ham thyc nén X*(z) = X(z).
Ap dung cong thic tinh tich phan timg phan, dit
u=X(x);dv=X'(z)dr = du= X'(z)dz ;v = X(z)

Ta co

Vi X(0) = X(a) = 0. Nhu vay
<p:c> = _ih/o X(:C)X (x)dgg =0
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Bai tap

1. Viét phuong trinh Schrodinger cho nguyén tit He gom mot hat nhan va
hai electron. Xem hat nhan dugc c¢6 dinh (ding yén) tai goc toa do. Cho
biét cong thiic tinh thé ning tuong tac gitta cac hat mang dién 13
q:4;

2

ij

Vij=k

Trong d6, k 1a hing so; ¢;,q; la dién tich cla cac hat mang dien; r;; 1a
khoang cach gitta ¢ va j.
2. Giai phuong trinh sau theo phuong phap tach bién s

0*U(z,y) _O0U(z,y)

Ox? oy =0

Véi
Ulz,y) = X(2)Y (y)
3. Trong cc hoc lugng tit thi khai niém trang thai vd mic nang lugng la
khong giong nhau. Gid st mot hat khéi lugng m trong hop lap phuong véi
2

do dai mdi canh 1a a ¢6 cdc mitc nang luong F < 20 3 Nhu vay, c6 tat

ma?’
cd bao nhiéu trang thai tng va bao nhiéu mic nang luong théa man dicu
kién trén?

4. Tinh c4c gia tri trung binh (x2), (2)2, (p2) va (p;)? cho hat & trang thai
¢6 ban trong hop hinh chi nhat. Tw d6 tinh

AwAp, = /(2%) = (2)? x V/(p3) = (2)?

. h
So sanh két quéd AxAp, véi o
T
Cho cong thic tinh tich phan

2
1
/xsinZ(kx)dx -z sin(2kz) — — cos(2kx)

4 4k 8k?2
3 2
2 gin? _rm Ly _ "
/m sin”(kx)dx = 5 <4k 8k3> sin(2kx) 0 cos(2kx)
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