Hat chuyén dong trén mot mat cau.
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Ly Le
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Tém tat ndi dung
Mb-men géc (angular momentum) 13 mot thuoc tinh vat 1f rat quan
trong d6i véi cac hat vi mo. Trong nguyén tit, khi chuyén dong xung
quanh hat nhan, electron sé sinh ra hai kiéu mé-men géc la mo-men
géc orbital vd mo-men géc spin. Trong phan nay, ching ta chi dé cap
dén mo-men géc orbital va dé don gian ta goi & mo-men goc.

1 Mo6-men goéc trong co hoc co6 dién

Xét mot hat khéi luong m chuyén dong trong hé toa do Ozyz. Goi r la
vector tit goc toa do dén vi tri titc thoi ciia hat. Ta c6

r =iz + jy + kz (1)

Trong dé, z,y,z 1a toa do clia hat tai thoi diém dang xét; i,j,k 1a nhiing
vector don vi.

Vector van toc cia hat duge xac dinh dua vao su bién déi vector vi tri
cua hat theo thai gian

dr .dx . dy dz
V= P TR
dx dy dz
=u YT a CTa
Vector dong lugng p dugc xac dinh bdi

(2)

Vg

p=mv (3)

Pz = MUy Dy = MUy Pz = Mmuy,

Theo co hoc ¢6 dién, mot hat c6 khéi lugng m khi quay quanh gbc toa
do vdi van toc v sé sinh ra mot vector mo-men goéc L ti 1é thuan véi van toc
quay v va khoang cach r

L=mrv=rxp (4)



Day 1a tich hitu hudéng ciia hai vector nén L s€ 1a mot vector. Do 16n ciia né

dugce xac dinh béi
L =L| = [r|[p|sin o

()

v6i a 1a géc tao béi r va p. Vector mo-men géc nam trén truc vuong goc véi
miit phang dugdc tao bdi vector vi tri r va vector van toc v; chidu duge xac
dinh theo qui tac ban tay phai. Do 1én L = 0 khi sin o = 0, nghia 1 khi r

va p (hodc v) song song v6i nhau.

Trong hé toa do Oxyz, cho hai vector A va B dugc xac dinh nhu sau

A =iA, +jA, + KA,
B =iB, +jB, + kB.
Tich hitu huéng ctia hai vector A va B la
A x B = (id, + jA, + kA,) x (iB, + B, + kB.)
Déi véi cac vector don vi, ta ¢
ixi=jxj=kxk=sin(0)=0
ixj—k jxi=—k
jxk=i kxj=-i
kxi=j ixk=—j
Do do
A x B =i(AyB, — A;By) + j(A4y By — A B.) + k(A; By — Ay By)
Nhu vay, véi
r=ir+jy+ kz
P = ipz +Jjpy + kp.
ta co
L =rxp=i(yp: — 2py) +J(zpz — 2pz) + k(zpy — ypz)
Ho#c viét dusi dang dinh thiic

i j k
L:a:yz:i‘yz—xz—kk:Ey
Pe Dy P Py Dz Pz Pz Pz Dy
bat
Ly = ypz — zpy
Ly:me—ﬂjpz
L. = xpy — yps
Ta co

L =il, +jL, + kL.

(6)

(9)

Theo co hoc ¢6 dién, néu mot hat c6 mo-men goc 1a L thi tat ci cac thanh

phan L, Ly, L, tuong tng sé dugce xac dinh dong thai.



2 Mo6-men gbéc trong cd hoc lugng tir

2.1 Su xac dinh dong thdoi cac thudc tinh vat 1i

Nhu chiing ta da biét, néu ham trang thai ¢ 1a mot ddc ham ctia toan tit A
v6i dic tri o thi phép do thuoc tinh vat 1i A duge mo ta bdéi A sé cho ta két
qué la . Nhu vay, néu ¢ la mot dac ham dong thoi clia hai toan ti A va
Ag v6i dac tri aq va as

Aryp = np
Ayt = agy

thi ta c6 thé xac dinh dong thoi nhing gia tri clia cac thuoc tinh vat i A,
vi Ay duge mo ta bdi A; va Ay, Néu ton tai mot dic ham dong thoi ciia hai
toan tit A, va Ay thi o

[A1,A42] =0

That vay, goi 1 la dic ham ddng thdi ctia A; v As. Ta c6
A(Ary) = Ag(art)) = a1 (Axyh) = ayany)
A (Agy)) = Ay(ao)) = az(A19) = azany)
Do do A A
A1(Ag) — Ag(A1v) = anarth — aray) = 0
= 2{12{2 — 2{22{1 = [2{1, 2{2] =0 (10)

Ngudc lai, néu cac toan tit ;1\1 va 112 giao hoan véi nhau thi ta cé thé
tim dudce it nhat mot dac ham dong thoi cho hai toan ti Ay va Ay. N6i cach
khac, néu 21 va 112 giao hoan v6i nhau thi cac thudce tinh vat 1i doc lap A;
va Ay duge mo ta bdi hai toan tit ndy sé duge xac dinh dong thoi.

Vi du: Xét hai todn ti

e w ahd
r=x va Pr = R
Ta cb b d 5 p
[x>pw]:[$7_%]_g[ ’dx]
Vi

d d d
[’d If = (x%—% )f

d d
= zf = (f+zf)

= —f



Do dé

d
S=-1
[;U? dﬂj]
~ h, d hoo
:>[$>px]:g[$>£]:—?:m750

Ta thay [Z,D.] # 0 nén khong thé tim dugc mot dic ham dong thoi clia cac
todn ti T va p,. Nhu vay, hai dic tinh toa do x va dong lugng p, khong
thé dugc xac dinh dong thoi. Dieu nay hoan toan phit hgp véi nguyen 1i bat
dinh Heisenberg.

2.2 CAc toan t® moé-men goéc va tinh giao hoan cua ching

Ciing giong nhu cac dic tinh vat 1i khac, trong co hoc lugng tit, thuoc tinh
vat 1i mo-men gbéc duge dic trung béi mot toan ti

L= (L., Ly, L.) (11)
véi
Lo = 9. ~ 30, = yl-ihg) — 2(-ihg) = —ihlyg- ~250) (12)
L, =72p, — 2P, = z(—ma%) - w(—ih%) = —ih(za% - xa%) (13)
T. =35, — jpu — x(—z’h(%) _ y(—ih({%) - —ih(x(% _ y%) (14)

Theo co hoc ¢ dién, cac thanh phan Ly, Ly, L, c6 thé duge xac dinh
dong thoi. Con theo co hoc lugng tit lieu ching ta co thé xac dinh dong
thoi Lx7 Ly, L ? Néu cac thuoc tinh Lx, Ly, L, dugc xac dinh dong thoi thi
L Ly, L sé giao hoan v6i nhau. Khi L va Ly giao hoan véi nhau ta sé tim
dugc it nhat 1a mot dic ham chung cho ching. Néu L, va L ¢6 chung mot
dic ham thi nhing thudc tinh vat Ii cia ching sé duge xac dmh dong thai.
Do dé, chung ta sé khéo sat tinh giao hoan ctia cac toan ti nay.

Ta c6
[Lma Ly] = [gﬁz - gﬁyy /Z\ﬁm - fﬁz]
= [yﬁz - zﬁzp Zﬁw - xﬁz]
= [yﬁm Zﬁw] + [zﬁvaﬁz] - [yﬁz,xﬁz] - [Zﬁya zﬁiﬂ]
Vi
yﬁz = ﬁzyQ xﬁz = ﬁzl‘
Zﬁy = ﬁy@ Zﬁw = ﬁmz
nén
[yﬁza 517]/9\2] =0; [Zﬁy, Zﬁx] =0



Do dé

Lo Ly = [yps o) + [2By. 2]
—  YPuDa2 — YPeZD: + TPy2D- — TPyPe2
—  ypu(P.z — 2P2) + 2Py (2P — P22)
= —ypu(2P: — P»2) + aPy(2D: — D:2)
— (2. — P»2)(«Dy — yPx)
= (2P, —p.2)L.

(B~ 52) =[] = [ ) = 1 = in 2] =i
Nhu vay L R
(Lo, L) = kL. (15)
Tién hanh tuong ty nhu trén, ching ta ciing sé tim dudc
[L,,L.] = ihiL, (16)
[L.,L,) = ihL, (17)

Tém lai, chiing ta thiy cdc thanh phan cia todn ti mo-men géc khong
giao hodn vdi nhau. Didu nay c6 nghia la ching ta khong thé biét mot cach
day di vé toan tit mo-men goc. Day 1a mot két qui c6 nhiéu y nghia, va
o rang 1 khac véi li thuyét co dién. Tuy nhién, van dé van chua két thic.
Chiing ta sé khao sat tinh giao hoan ctia L2 v6i cac thanh phan ctia né.

T2 71 _ 172 T2 T2 71172 T2 T2\ T
[L 7LSC] - [Lx +Ly +LZ7LI] - [Lm + (Ly +Lz)7LSE]
Ta co R o o
[A+ B,C]=[A,Cl+[B,C]
véi A =12 B = (Eg +12),C = L,, ta dugc

T2 T 1172 T T2 T2 T 1 _ T2 T2 T
[L 7LI] - [LMLI] + [Ly + sz LSC] =0 + [Ly + L;ﬁLﬂC]

L2+ L2,L,) = [L2,L,) + [L?,L,] = [LyLy, Lo) + [L.L., L,]

Mat khac, ta co



nén
ByLys Lol + [DoFos Ba) = —ihE, L, — ihL. Ly +ihD.Dy + ihDyL. = 0

Tt két qua trén, ta duge R
[L? L, =0 (18)
Tuong tu, ta co

[L%,L,]=0;  [L%L.]=0 (19)

Nhu vay, chiing ta c6 thé rat ra két luan 1a cudng do mo-men géc L clia

mot hat vi mo chi ¢6 thé duge xac dinh dong thoi véi duy nhat mot thanh

phan L;. Nghia la, theo quan diém ctia ¢ hoc lugng tit, ching ta khong thé

x4c dinh duge mot cach chinh xac vector mo-men géc L ma chi ¢6 thé xac
dinh dugc cuong do cua nod

L=|L|=/LZ+ L2+ L2 (20)

Muén xac dinh chinh x4c L ta phai biét dudce cting mot lic ba thanh phan
Ly, Ly, L, cha n6. Thong thudng, thanh phan L, dudc chon dé xac dinh
cling véi L2.

Vi chiing ta c6 [L2,L.] = 0 nén sé ton tai it nhat mot ham Y nao d6 1a
dac ham chung cia E%, L,. Nhu vay, cac thuoc tinh L2 vi L, chéc chin sé
duge xéc dinh dong thoi. Cac thanh phan khéc, vi du L, thi chua thé xac
dinh 1o rang dugce vi [Ex, EZ] = ihfy.

2.3 Toan t mé-men géc trong toa do cau

Vi mo-men géc lien quan dén sy quay ciia hé nén cac toan tit mo-men goc
nhu E2, L. thuong dugce biéu dién trong toa do cau.

Trong khong gian ba chiéu, chiing ta c6 thé chuyén mot diém I(x,y, 2)
tit toa do Deé-cac-to (Cartesian) sang toa do cau (1,0, ¢). Do d6, trang thai
ctia mot hat ¢6 thé duge mo ta bdi mot ham séng dang ¥(r, 0, ). Trong do,
r 1a khoang cich tit gbc toa do dén diém I(z,y,2); ¢ la géc tao bsi hinh
chiéu ctia r lén mit phang zy véi truc duong z; 6 1a goc tao bdi r va truc
duong z. Ta ¢6

x = rsinf cos ; y = rsin 6 sin @; z=rcosf (21)

(0 <r < oo; 0<6<m, 0<¢<2m)

r= \/m; cosf = —" (22)
Va2 +y? + 22
Thé tich vo cting nhé dV = dxdydz trong hé toa do cau dude xac dinh
nhu sau
dV = r? sin Odrdfdy (23)



Vi du, thé tich ctia mot khéi cau ¢6 ban kinh R duge xac dinh béi

R pm p27
V = / // r2dr sin 0dfdyp
2m
= / 2dr/ sdeH/ dy

—cos@) 5 X (gp)

T
47 R3
3
Goi ¢(z,y, z) la ham séng trong toa do Dé-cac-to. Ta co

Ov(a.y.z) _dwox  ovdy  ovo:

0

= 24
dy Ooxrdp Oydp 0z dp (24)
v6i
Ox  O(rsinf cos ) o
— =———""-=—rsinfsinp = —y
Oy Jp
dy  O(rsinfsin ) )
— =——— "~ =rginfcosp==x
dy 0y
9z _ O(rcosb) _0
do — dp
Nhu vay, ta co
o(z,y,2) O o, .
2 = ax( rsm@sm<p)+ay(rsm@cosg@)—FO
B 8¢ 8¢ 0 0
= "oy Vor = oy VeV
Suy ra
0,00,
Op oy yax
Mit khac, ta co
~ 0 0
L,= —zh(aza—y — y%)
So sdnh hai phuong trinh trén, ta thay
i 0
= —ih— 2
zh&p (25)

V6i ki thuat tuong ty nhung can nhiéu phép bién doi hon ta xac dinh duge
L? nhu sau 5 e o
72 1
= 12 eot0 o + |
00 = 00? * sin? 6 Op?
Ching ta thay trong toa do Dé-cac-to, toan tt mé-men géc phu thude
vao ba bién z,v, z. Tuy nhién, trong toa do cau, né chi phu thuoc vao hai
bién 1 6, ¢.

(26)



3 Hat chuyén dong trén mot vong tron
Phuong trinh Schrodinger cho hat trong hop mot chiéu 1

IRLUC))
2m  dx?

= Eyj(x)

Xét trudng hgp hop bi "bién dang": truc = bi bé cong thanh vong tron
c6 ban kinh r. Néu [ 1a chiéu dai ctia hop ban dau thi ta c6

l=2nr (27)

Goi ¢ la géc duge xac dinh bai
x
= - 28
= (28)
Vio<z<lnén0< ¢ < 2m.
Nhu vay, phuong trinh Schrodinger cho hat chuyén dong trén mot vong
tron ban kinh r véi thé nang V = 0 dugc viét nhu sau

o3 D — ) (20)

hay
Eole) 2 o) = ~miuie) (30)

v6i
m? = 2mr’E (31)

Phuong trinh (30) c¢6 nghiém la
h(p) = Ae™? (32)

Dé Ae’™¥ c6 thé 1a ham séng thi né can phai don tri. Didu nay c6 nghia la
néu ta cong 27,4, ..., 2km vao ¢ thi gia tri ciia 1(p) vAn khong thay ddi.
Do dé, ta c6

Aeimlgp — Aeiml(<p+27r) — Aeimlcpez?mm

Ta suy ra

M — cos(2mym) + isin(2myT) = 1

Diéu kién dé hai s6 phitc bang nhau la phan thuc va phan 4o ctia chiing phai
bang nhau
cos(2mym) =1
{ sin(2mym) =0

Dé thoéa méan diéu kien trén, m; nhan nhitng gia tri nhu sau

my=0,%1,4£2, 43, ... (33)



Hing s6 A duge xac dinh dya vao diéu kién chuan héa

2 2m *
eimlgp‘ d(’p — A2/ <eim1gp> eimlgpd(’p
0
2m
= A? dy
0
= 2mA? =1
A= (34)
V2T
Nhu vay, ham séng da chuan hoéa ciia hat chuyén dong trén mot vong
tron la

Y(p) = —=e™F (my=0,41,£2,43,..) (35)

Nang lugng quay cua hat ciing duge lugng tit hoa

2 hz _ 2h2

B=mi g e = Mgy

(m;=0,£1,+2,43,...) (36)
v6i I = mr? la mo-men quan tinh ciia hat.
Theo co hoc ¢6 dién, ning lugng ctia hat chuyén dong trén mot vong
tron dugc xac dinh nhu sau
J2
E. =_ 37
=0 (37

So sanh (36) va (37) ta thay c6 moi lien he
J? = min? (38)

v6i J 14 do 16n ctia moé-men goc (co dién); I 1& mo-men quan tinh. Nhu vay,
do 16n clia mo-men géc trong co hoc lugng tit c6 thé lien quan dén my va h.
That vay, m;h chinh 14 thanh phan L, clia mé-men goc. Sau day, ta sé kiém
tra lai nhan xét nay.

Chiing ta c6 dinh dé rang néu B la todn ti mo ta mot thuoc tinh vat li
B thi méi phép do thudc tinAh B cho ra mét ddc tri B; cia todan ti B. Nhu
vay, néu myh la dac tri ctia L, thi ta c6 thé két luan 1a méi phép do L, cho
ta mot gia tri myh. Sau day, ta sé chitng minh my;h la cac dic tri claa Ez vGi
dac ham ¥(yp).

Ta co
L,= —ihi
e
va
Ulp) = Z=e™
2



Do dé

W) = —m%w«o)

= —ih% <\/%eim“0)

= _szlh<ﬁ
= mh(p)

&~

elm S0>

Nhu vay, ro rang myh 1a cac dac tri ctia EZ v6i ddc ham (). N6i cach khac,
myh 1a két qui ma ta sé thu dude khi thiyc hien phép do mé-men géc theo
truc z vuong goc véi mit phang duong tron

L.=mh  (my=0,+1,42 +3,...) (39)

4 Hat chuyén doéng trén mot mit cau

Xét su chuyén dong ciia hat trén mot mat cau véi ban kinh r khong déi.
Néu thé nang V = 0 thi Hamiltonian ctia hé nhu sau

~ R 2 0? 0?
H=oma2 * 57 * 322) “0)

Trong toa do cau véi ban kinh r 1a hing s6, Hamiltonian dudc xac dinh béi

h2 2 1 2 1 ~
cot@g—k 0 9 2

ﬁ = - —_— =
2mr? [ 00 002 * sin? 0 Op? 2mr?

(41)

Nhu vay, phuong trinh Schrodinger clia hat chuyén dong trén mot mat cau

la
1

Sra LV 0,9) = Bu(r,0,¢) (42)
= L2(r,0,0) = 2mr° BY(r, 0, ¢) (43)
Sau day, ta tién hanh tach bién cho (43) bang cach dit
P(r,0,0) = R(r)O(0)®(p) (44)
Ta viét lai (43) nhu sau
L2 R(1)0(0)®(s)| = 2mr?E|R(r)O(0)(¢)| (45)

Vi L2 khong phu thudc vio bién 7 nén ta c6 thé don gian R(r), thu dugc
2le(0)o(p)| = 2mr2E|0(0)0(0)| = 12]0(0)0(%)] (46)

10



Mat khac, ta c6 R
(L2, L.]=0

Do d6, néu ©(6)®(p) la dsc ham ctia L2 thi n6 ciing 1a dic ham ciia L.

L.[0®)2(¢)| = L. [0(6)0()] (47)
vii L, 1a dic tri.
Ta co6 5
L, = —ih%
Do do, (47) tré thanh
—mmmgfw»=wmuﬂw (48)
4@%%@=L@w> (49)
= B(p) = AeliL=/Me (50)

D8 Aelil=/M¢ ¢6 thé 1a ham séng thi
Aeilz/Me — pp(ilz/M)(@+2m) _ Ap(ilz/R)p  (ilz/R)2m

(il /m2r _

;»% =0,41,42,43...

hay
L, =0,%1h, +2h, £3h. .. (51)

Nhu vay, tuong tu su chuyén dong ctia hat trén mot vong tron, su chuyén
dong ciia hat trén mot mat cau ciing ¢6 thanh phan mo-men goéc L, 1a

L.=mh  (my=0,+1,+2,43,..)) (52)

Tiép theo, ching ta tim cic dic tri ciia L2 tit phuong trinh
2le()o(p)| = 12|0@)0(y)] (53)
v6i L? duge viét nhu sau

~ a 02 1 02
L2:— 2 v ha - v
h <COt989 + 062 * sin268<,02)

Do d6 (53) tuong duong véi

e o P 1 &

cot O + =5 + MW) [@(9)@(@} — 12 [@(eyp(@)] (54)

11



Nhan hai vé phuong trinh (54) véi , ta duge

o
0(0)2(»)

h? 0 o2 1 2
T 00)2(p) EY IR R W) P — 12
0(0)® () <C°teae T2 T anZg 8902) [9(9) (90)]

Sau khi rat gon, (55) tré thanh

1., d> d o 1 dPo(p)
o0) [sm HW —I—Slnﬁcosﬁ@ + Asin 9}@(9) = 30
2
trong d6 \ = Ik
Ta c6
1 d*®(y) 1,
P — myp — 2 iy
(p) = =€ 00 i e=e

Vi vay, (56) tré thanh

2
[sin2 Hd— + sin 0 cos Hi + Asin®0|0(0) = m}

o) 02 a0
hay
d? d m?
[W + ot o+ A}@(@) = 16(0)
Chuyén hét vé mot vé, ta dudc
d*0(0)  cosfdO(h) m?
A— 0) —
7 g sin29)@( )=0

(55)

(57)

(58)

(59)

Phuong trinh (59) c6 cich gidi kinh dién 1a chuyén né thanh phuong trinh
Legendre bang cach dat u = cosf. Tuy nhién, ching ta sé khong di theo
cach nay vi sit phitc tap clia né. Thay vao do, ta sé doan nghiém, thé va thit.

Néu ©(0) = a (hing s6) thi

d20(0)  do(b)

a0 ~ ag

Do dé
my
=0

sin? @
Suy ra
A=0;ml =0 (m =0)

Néu O(f) = sinb, ta c6

do(0) B
0 - cos 6
d2@(0) .
oz sin 6

(60)



Do do, (59) tré thanh

) cos 6 m? )
—sinf + Sinecosﬂ—l— (A_sinze) sinf =0 (61)

Sau khi don gidn, ta duge

2

1
—2sin 6 + — + Asinf — 7.711 =0
sin 0 sin 6
s+ - —2sing 4+ M (62)
in —— = 2sin —
S sin 6 > sin @

A 2 . N 1 2, . A NS
Phuong trinh trén théa méan khi cac hé s6 cia sinf va il G hai vé bang
sin

nhau
A=2  va  mi=1(m==1) (63)

Tuong ty, ta tim duge cac két qua nhu sau

Ham thi A my
00)=a 0] 0
©(#) = sinb 2| +1
©(0) = cosb 210
O(f) =sin’f | 6| +2 (64)
©(f) =sinfcosf | 6 | £1
O(#) = cos? § — % 6| 0

Néu cit tiép tuc nhu trén, ta sé thay A\ nhan nhitng gia tri
0 2 6 12 2 30 ... (65)

Mot cach tong quat, cac gia tri A c6 thé duge biéu dién nhu sau

A=1(l+1) (1=0,1,2,...) (66)
[ A my

0|0 0

1] 2 0, +1

216 0, +1, £2

3012 0,+1, 42,43

420 0,+1,+2,+3,+4

51300, +1, %2, +3, 4, £5

13



Theo (64), ta thay khi A =0 (I = 0) thi m; = 0; khi A =2 (I = 1) thi
my = 0,£1; khi A = 6 (I = 2) thi m; = 0,41, 42. Nhu vay, mot cach tong
quat, khi [ = k thi m; = 0,+1,£2,...,+k. Nghia 1& v6i mdi gia tri [ sé ¢
20 + 1 gia tri my.

Tom lai, v6i

2

A:§5:ML+D (1=0,1,2,..) (67)

ta suy ra
LP=1(1+1)r (1=0,1,2,...) (68)

Do dé, do 16n ctia mo-men géc duge xac dinh béi

L=mn/Il+1) (1=0,12,..) (69)

Sau day, ching ta xac dinh mot sb gia tri L va L,

Ul |L=h/Il+1)|L,=mh
0 0 0
110 72 0
-1 /2 —h
+1 h2 +h
210 /6 0
+1 16 +h
+2 16 +2h
310 h/6 0
+1 /12 +h
+2 /12 +2h
+3 hv12 +3h

5 Ham séng cua hat chuyén dong trén mot mat
cau

Ham song ciia hat chuyén dong trén mot mit cau la cac dic ham cia 12
duge xac dinh béi
1 .
CICAL = ——0(0)e"¥ 70
(6)2(9) = Z=0(0) (70)
Chiing con dudc goi 1a cAc ham diéu hoa cau (spherical harmonic) va
dugc ki hieu 14 Y],

Vi = —==0(0)c™* (71)

Trong dé
1=0,1,2,...; my=—l,—l+1,...,0—1,1



Ham O(0) dugc xac dinh dya vao cong thic sau

I=|my]
0(0) = sinl™lg Z ay, cost 0 (72)

k=0

Vidu 1: khil =0, m; =0, ta cé
@00(9) = Qg (73)
Ham diéu hoa cau la
Yoo = ag elmie
T

Hing s6 a¢ duge xac dinh tir didu kién chuan héa

™ 2m . 2 T 21 1 )
ag——e""?| sinfdfdp = / ap|? sin Hdé?/ ——e"™?| dp
= / lag|? sin dh = 1
0
1
=aqyp=t—
TV
Nhu vay
1
Yoo(0, ) = — 74
00( (10) \/E ( )

Vidu 2: khil=1, m; =0, tacé

©10(0) = ag cos b

Ap dung didu kien chuén héa

™ 1
/ |a3| cos? 0 sin Odf = ]ag\/ 22dz =1
0 -1

3
ta dugc |ag| = \/; nen

Nhu vay

©10(0) = \/gcosﬁ
3
Y10(0,9) = 4/ ;- cos? (75)

Vidu 3:khil=1,m;=1, tacd

©11(0) = apsinb
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Ap dung didu kien chuén héa
s 1
/ |a2| sin? § sin 0df = |a(2)|/ (1-2)dz=1
0 —1
ta duge |ag| = ? Do d6

©11(0) = ? sin

Y11(0,¢) = 4/ 8% sin fe'? (76)

Twong tu, khil =1, m; = —1, ta ¢6

Yi-1(0,¢) = 4/ 8% sin fe ™" (77)

Bang 1.1: Mot s6 ham diéu hoa cau dau tién

Nhu vay

l ml le,rm
1
00 Yoo = —
00 -
3
110 Y10 =+/—cosf
T
3 .
1 Y11 = 4/ — sinfe'¥
T
3
-1 Y11 =4/ —sinfe ¥
T
210 | Y —\/i(?,cos?e—l)
207V i6r
15 . :t
+1 | Yoqr1 =/ — sinf cos fe**¥
T
+2 | Yoio = ESim2 fet2iv
327

Déi vé6i truong hop [ = 0, ta chi c6 mot ham trang thai 1a Yy, ting véi
[ =0 va m; = 0. Nhung véi truong hop [ = 1, ta c¢6 dén 3 ham trang thai
la Y1_1; Y10§ YH, frng v6i m; = —1, 0, 1. C4 ba ham Y1_1; Yl(); Y11 déu mo ta
trang thai véi mo-men goéc L c¢6 cudng do 1a hyv/2. Tuy nhién thanh phan
mo-men goéc L, thi khac nhau. Mot cach tong quét, véi mdi dic tri L? c¢6
tat cd 1a 2/ + 1 ham trang thai Y; ,,, tng véi 2/ + 1 gia tri m,. Chung ta noi
bac suy bién cta dac tri L2 1a 20 + 1.



2= —ihi. Chtng minh
I

—
a
=
e}
=)

~

[LZ7 (1/5] = —ih

Ta c6 thé rit ra nhan xét gi tit két qua trén? R R
2. Chitng t6 ring ham séng Yj; la dac ham dong thoi ctia L, va L?. Xac
dinh cac dac tri tuong ung.
3. Do dai lien két C' — C trong phan tit benzene la 1,40 A. Mot céch gin
ding, c6 thé xem cac electron 7 trong benzene giéng nhu hat chuyén dong
trén mot vong tron c6 chiéu dai bing sau lan do dai lien két C — C. Du
doan do dai séng clia 4nh sang bi hap thu khi mot electron 7 bi kich thich
va di chuyén lén mic niang luong gan nhat cho phan ti benzene. Luu ¥, khi
my # 0, c6 hién tugng suy bién.
4. Tinh

! 2

> [Yim (@)

ml:—l

khi [ = 1 va khi [ = 2. Nhan xét két qua thu dugc.

5. Xac dinh gia tri cac géc tao bdi vector mé-men géc L va truc z trong
truong hgp [ = 2.

6. Chitng minh cic ham séng () clia hat chuyén dong trén mot vong tron
truc giao véi nhau

21

Pnthmdp =0 (m #n)
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