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Tém tit ndi dung
Dé c6 thé hiéu sau vé héa hoc hogic dé c6 thé nghién ctu vé Iy
thuyét héa hoc, ching ta phai c6 nhing hiéu biét nhat dinh vé Héa
hoc tuong tw. Tuy nhién, day 1a mot mon hoc kho vi bén canh nhiing
kién thitc vé vat 1y va hoa hoc, né con yéu cau ngudi hoc phai c6 mot
nén tang toan hoc tét. Cach t6t nhat dé lam quen véi nhitng cong thiic
toan trong lugng tit 1a bat dau tit ham séng va phuong trinh séng.

1 Ham séng trong co hoc luong ti

Trong co hoc c¢6 dién, khai niem trang thdi (state) ciia mot hat nghia 13
su dinh 16 vi tri va tdc do clia né tai mot thoi diém bat ki va cac lyc dang
tac dung lén hat d6. Theo dinh luat hai Newton, néu cho trude trang thai
clia mot hé bat ki ta sé x4c dinh chinh xdc trang thai clia né trong tuong
lai. Tuy nhien, déi v6i hat vi mo thi ta khong thé dong thoi xac dinh chinh
xéac vi tri va toéc do ctia né'. Nghia la, dua vao cd hoc ¢6 dién thi khong thé
du doan duge sut chuyén dong ctia hat vi mo trong tuong lai. Do d6, ching
ta phai dya vao co hoc lugng tit dé dur doan chinh xac hon su chuyén dong
ctia hat trong tuong lai.

Trong co hoc lugng t1%, trang thai ctia mot hé duge mo ta béi ham soéng
hay ham trang thdi V. B&i vi trang thai ctia he, thong thuong, thay doéi
theo thoi gian, nén ¥ ciing 13 mot ham theo thai gian. D&i v6i hé mot hat
chuyén dong trong khong gian mot chicu, ching ta c6 ¥ = ¥(x,t). Ham
séng ¥ chita dung tat ca nhing thong tin kha di ctia hé nén thay vi néi
"trang thdi dugc mo td bdi ham song W', ching ta don gian chi néi "trang
thdi U". Dé xac dinh trang thai trong tuong lai clia ctia mot hé theo co hoc
lugng ti ching ta ciing phai biét trang thai hién tai vA mot phuong trinh
cho chiing ta biét sut thay ddi ctia ham séng theo thoi gian. Phuong trinh dé
duge dé nghi nhu sau:
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Phuong trinh (1) duge nha vat 1i ngudi Ao Schroedinger dua ra vao
nam 1926 va dugce goi 1a phuong trinh Schroedinger phu thudc thoi gian hay
phuong trinh séng Schroedinger. Trong (1), i = v/—1, dugc goi 1a s6 phiic
hay s6 &4o; m 1a khoi lugng ctia hat; V(x,t) 13 ham thé niang ctia he.

Phuong trinh Schroedinger phu thudc thoi gian chita dao ham bac nhat
cia ham séng theo thoi gian. N6 cho phép ching ta xac dinh ham séng tai
bat ki thoi diém ndo trong tuong lai, néu ta biét dugc ham trang thai tai
thoi dlém to.

Ham séng chita dung tat ca nhitng thong tin ma ta can biét vé mot heé
ma né mo td. Tuy nhién, ching ta khong thé hi vong ring ¥ sé lien he
v6i vi tri chinh xac clia hat giéng nhu co hoc ¢6 dién mo ta. Ngay sau khi
Schroedinger kham phé ra phuong trinh séng, Born dua ra gid dinh? ring

U (x,t)|da (3)

1a zdc suat tim thay hat doc theo truc x trong ving tit # dén (x +dx). Ham
|U(x,t)|? duge goi 1a mat do wdc sudt tim thay hat ¢ nhitng vi trf khac nhau
theo truc z. Vi du, gia sit tai thoi diém ¢y hat & trong trang thai dude mo
t4 boi ham séng ¥ = ae~%%°, véi a va b 1a nhitng hiing s6 thue. Mat do xac
suit tim thay hat tai thai diém ¢y doc theo truc z 1a aZe=20%".

2 Phuong trinh Schroedinger khong phu thudc thoi
gian

Phuong trinh Schroedinger (1) khé 1a phitc tap. Tuy nhién, ddi v6i nhiéu ap
dung ciia ¢d hoc lugng t1 vao hoa hoc, né it khi duge st dung, thay vao do,
phuong trinh don gian hon duge st dung; dé 1a phuong trinh Schroedinger
khong phu thuoc thoi gian. Ching ta sé thiét 1ap phuong trinh Schroedinger
khong phu thudc thoi gian dya vao phuong trinh Schroedinger phu thudc
thoi gian, cho truong hgp mot hat trong khong gian mot chieu.

Chiing ta bat dau bang cach gigi han thé nang V 1a ham khong phu
thudc thoi gian t, chi phu thudc toa d6 x. Phuong trinh Schroedinger phu
thudc thai gian trong trudsng hop nay la

hov(x,t) fia?\l/(x,t)

i ot 2m  Ox?
Gia sit nghiém ctia (4) c6 thé duge viét dudi dang tich ctia ham theo thai
gian va ham theo toa do

+V(z)U(z,t) (4)

U(x,t) = f(t)i(x) (5)
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Lay dao ham (5) theo t
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va dao ham bac hai theo =
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Thé (6) va (7) vao (4), ta dugc
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Chia hai vé (8) cho f(t)y(x), ta dugce
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Nhin vao (9) ta thay vé phai khong phu thuoc vao t; trong khi d6 vé tréi
khong phu thudc vao z. Nhu vay phuong trinh khong phu thudc vao ca x
va t; n6 phai bang mot hang s6. Dat hing s6 nay 1a F

ho 1 df(t) 21 d*p(x)
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Xét vé trai ctia phuong trinh
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LAy tich phan ca hai vé phuong trinh theo t, ta dugdc
't
Inf(t) = f% +C (12)

v6i C 1a hang sb tich phan. Tit d6, ta c6
F(t) = eCemiBtlh — gomifit/n (13)
Hing s6 A c6 thé duge nhan vao ham 1 (x). Nhu vay, ta dudc
ft) = et BHn (14)
Tiép theo, ta xét vé phai clia phuong trinh (10)
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Suy ra
n* d*y(x)
VD) |y i) = Bo) (15)
Phuong trinh (15) duge goi 1a phuong trinh Schroedinger khong phu thudc
thoi gian cho mot hat c6 khoi luong m di chuyén trong khong gian mot
chiéu. N6 duge diing dé tim nang luong cling nhu ham séng cho rat nhiéu
hé khac nhau.
Ta c6 thé viét lai (15) nhu sau

2 X m
LD | 20— v ()J(a) = 0 (16)

Hing s6 E c6 diém gi dic biet? Ta thiy £ xuat hién trong biéu thic [E —
V(z)], nén n6 ciing thi nguyen véi thé ning V. Nghia la, F cuing thtt nguyén
v6i nang lugng. That vay, E chinh la ndng lugng cia hé.

Nhu vay, ton tai cdc ham séng c6 dang

U, t) = e B () (17)

Ham séng (17) 1a ham phite. Binh phuong tri tuyet déi clia mot s6 phiic
la tich ctia né véi lién hop phitc® ctia né. Nhu vay, mat do xac suat |¥(z,t)[?
dudgce tinh nhu sau

T2 = U0 (18)

trong d6 dau sao (*) ki hiéu cho lién hgp phitc. D6i véi ham song (17), ta c6
U (2, ) = [P ()] e P () = PPy ()] e M () (19)
& day ta gid sit E 1& s6 thic nén E = E*. Ta c6

eszt/heszt/h -0 =1

Do dé, (19) tré thanh:

Uz, ) = [¥(@)]"¢(x) = [(2) (20)

Nhu vay, néu nghiém ¥(z,t) cia phuong trinh Schroedinger phu thuoc thoi
gian la tich ctia ham theo thoi gian va ham theo toa do

U(z,t) = e PN (z)
v6i nang lugng E 1 hing s6, thi mat do xac suat 1a [¢(x)|? va khong ddi
theo thoi gian. Nhitng trang thai nhu thé nay dude goi 1a trang thdi tinh
(stationary state). Ham v (z) cing dugc goi 1a ham sé6ng, mic dit ham séng
day d ctia mot trang thai tinh 1a e~ *#%/M) (). Trang thai tinh trong trudng

3Lien hop phic cha i = —i.



hgp nay duge hidu la mat do xac suat |¥(z,t)|? khong thay doi theo thoi
gian, chtt khong phai hat khong thay doi.

Phuong trinh Schroedinger (15) chita hai an s6 14 nang lugng duge phép
E va ham séng 1. Dé giai phuong trinh chita hai an, ching ta can ap dat
them mot s6 diéu kien (dugc goi 1a dieu kién bién - boundary conditions) lén
) bén canh yéu cau né théa man (15); diéu kién bién xac dinh nang lugng
cho phép F ctia hé nén chi nhitng gia tri xac dinh ctia E thi v méi phu hgp
v6i diéu kién bién.

3 Su chuan héa ham séng

3.1 Xac suét

Sy chuan héa ham séng c6 lien quan dén xac suat tim thay hat trong khong
gian. Vi vay, trude hét ta sé gisi thiéu so luge vé ciia xac suat.

C6 nhiéu khai niem dua ra dé dinh nghia x4c suat. 0 day, ching ta dinh
nghia xac suat theo 16i thong ké: Thye hién phép thit n 1an. Gia st bién cb
A xuat hien m lan. Khi d6, m dugc goi 14 tan s6 ctia bién c6 A va ti s6 %

dudc goi 1a tan s6 xuat hién bién c6 A trong loat phép thit. Cho s6 phép
thit tang lén vo han, tan s6 xuat hién bién ¢ A dan vé mot s6 xac dinh goi
13 xac suat ctia bién cd6 A
.om
Py = lim —

n—oo N

Vi dy, sau 1000 l§n2g%) qualnga tu, ¢6 200 lan giap den doé. Khi do, xac
1000 5 S

Trong truong hgp néu phép thit c6 nhieu bién c¢6 xuat hién thi phép tinh
xac suat sé phic tap hon. Vi dy, trong mot hop chita 10 vién bi, trong do
¢6 4 vién mau xanh va 6 vien mau doé. Lan lugt 1ay ra 2 vién bi, khong hoan
lai. Trong trudng hgp nay, xac suat dé hai vien bi d6 déu mau dé dude tinh
nhu sau.

Ta thay xac suat de lan lay tht nhat dugc vién bi mau do la 10" Vi lay

suat dé gap den do la

khong hoan lai, nén sau lan lay thi nhat, s6 vién bi con lai trong hop 1a 9,
trong dé6 con lai 5 vien mau dé, gid st lan lay thit nhat ta duge vién mau

L ez s s 5
do6. Do do, xac suat deé lan lay thd hai cling vién bi mau doé sé 1a 9 Nhu

vay, tong cong ta c6 5-6 = 30 lan sé thu duge vien bi mau do trong tdng sb
9.10 = 90 lan thit. Két qua xac suat dé thu duge hai vien bi déu mau do 1a

6 5 30 1

T10 9 9 3

X4c suat trong co hoc lugng ti thuong lien quan dén mot bién lién tuc,
do6 1a toa do x. Khong c6 nhiéu ¥ nghia néu ching ta néi rang xac suat clia
mot hat duge tim thay tai mot diém cu thé nao d6, ching han tai « = 0, 500.



Thay vao d6, ta sé néi xac suat tim thay hat trong mot khoang nhé trén
truc = tit ¢ dén = 4 dx. Xac suat sé ti le thuan véi gia tri da va sé thay doéi
theo nhitng viing khac nhau trén truc z. Vi vay, xac suat tim thay hat tu
x dén z + dz s6 1a mot ham bién thien theo z, vi du g(x). Ham g(x) duge
goi 1a mat do xac suit, vi né 1a xac suat trén mot don vi chiéu dai. Béi vi
x4c suat phai 13 mot s6 thyc, khong am nén g(x) ciing phai la ham thuc va
khong am tai moi diém.

Ham séng ¥ c6 thé nhan gia tri am va ciing c6 thé la ham phiic nén
khong phai 1a ham mat do xac suat. Theo co hoc lugng tit, ham |¥|? 1a ham
mat do xac suit.

3.2 Su chuan héa ham séng

X4c suat tim thiy hat trong vimg a < x < b dugce tinh bang cach 1ay tich
phan |¥|? theo bién = tit a — b

b
/ U |2de (21)

Bdi vi x4c suat tim thiy mot hat trong toan bo khong gian 1a bang don vi
nén ching ta c6 yéu cau

—+00
/ 1T |2de =1 (22)

Khi ham ¥ théa man diéu kien trén thi dude goi la chudn héa. Néu ham
U khong chuan héa nhung thda man yéu cau sau

—+00
/ W2dz = )2 (23)

v6i A? 1a s6 khong am tity ¢, thi khi d6 ham ® dugce xéac dinh béi
1 1

P=—TJ=+_7 24
et =S @

1a ham chuan héa. That vay

+o0 1 +oo 1
/ ]<I>|2dx:ﬁ |\11|2da:=p x A =1
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Nhu vay, dé ¥(z,t) c6 thé 1a ham séng, trude hét né phai kha tich binh
phuong; nghia 1a ‘\Il(:c,t)‘Q phéi c6 tich phan. Hon nita, tich phan ctia né
phai x4c dinh. Vi vay, ¥(z,t) phai dan vé zero khi x — 4o00. Tuong tu, dao
ham I phai dan vé zero khi khi z — +o0.

Ngoai yéu cau kha tich binh phuong, ham séng can phai don tri va lién
tuc. Xac suat tim thay hat tai mot diém cu thé khong thé cé hai gia tri khac



nhau nén ¥U*W phai don tri. Dé U*¥ chic chin don tri, ta yéu cau ¥ don
tri. Bén canh yéu cau ham séng phai lién tuc, ta thuong c6 thém yéu cau la
cac dao ham riéng phan ctia n6 0¥ /dz, 0¥ /dy, ... cing lien tuc. Mot ham
théa man nhitng diéu kién nhu trén duge goi 1a ham hoan hdo (tiéng Anh
well-behaved).

4 Nguyén li chong chat trang thai

Phuong trinh Schroedinger 14 mot phuong trinh vi phan tuyén tinh. Vi vay,
néu 11 va 1y 1a hai nghiém ctia phuong trinh Schroedinger, thi ci1)1, cas
(V6i ¢1, c2 1a nhitng hdng s6) va 1 duge xac dinh béi

P = c191 + catho (25)

ciing 1a nghiém ctia phuong trinh Schroedinger. Nguyén 1i nay con duge goi
13 nguyeén Ui chong chét. Ap dung ctia nguyen 1i chong chat trong co hoc
luong tit duge tom tat nhu sau:

Néu Uy va Wq la nhitng ham song wng vdi hai trang thdi cia hé thi trang
thdi ¥ duge mo td bdi

U =cVU;+coVy (26)

ciing la mot trang thdi ciia hé. Di nhién, ching ta c6 thé mé rong s6 trang
thai nhiéu hon hai.

Néu W la ham séng clia mot trang thdi thi KV, vdi k la hing so, cing la
mot ham séng cia trang thdi dé. Vi du, tut phuong trinh (24), ta thay hai

1 R
ham séng X\IJ va _X\I] tuong duong nhau, ching déu mo t4 mot trang thai

1
ctia hé. Tuy nhién, theo théi quen, ta thudng chi chon X\I]

5 Sbé phiic
5.1 Dang dai s6 ctia sd phiic

Néu i = +/—1, ta c¢6 thé biéu dién mot sé phic hay sé do z dusi dang biéu
thitc z = o + 4y, v6i & va y 1 nhitng s6 thyc. S6 thyc x duge goi 1a phan
thue; sd thuc y duge goi 1a phan do clia sd phitc z. Phan thyc ciia s6 phiic
z = x + iy dugc ky hieu 1a Re(z). Phan 4o clia s6 phic z = = + iy duge ky
higu 1a Im(z). Hai s6 phiic duge goi 1a béang nhau néu chtng ¢6 phan thye
va phan 4o tuong ting bang nhau.

Vi du: Tim phan thyc va phan 4o clia s6 phic

2= (345i) + (2 — 3i)



Huéng dén:
z=(38+5i)+(2—-3i) = (3+2)+ (5i — 3i) = (5 + 29)
Vay Re(z) =5 va  Im(z) =2
Cho z = x + iy, thi s6 phiic 2* = x — iy dudc goi 1 s6 phaic lien hgp hay
lién hop phic clia sd phiic z = x + iy

Vi du: Tim lién hgp phiic ctia s6 phiic z = (2 + 3i)(4 — 2i)

Huéng dan:
2= (2+3i)(4—2i) = (8 —4i +12i — 6i%) = (8 + 8i + 6) = (14 + 8i)

Nhu vay
2F =14 -8

5.2 Dang luong giac ctia s6 phic

Mot cach biéu dién khac ciia sd phitc z 1a dua vio mit phang 4o (phiic)
20y. Cho s6 phiic z = z + iy va OA 1a vects bidu dién hinh hoc cla z trén
mit phang 2Oy. Do dai r = \0—1)4] ciia vects OA duge goi 1a tri tuyét doi
(absolute value) hay modulus ctia s6 phiic z, ky hiéu 1a |z|. Géc 6 duge tao
bdi OA va truc z dugc goi la phase hay agurment cta z.

Yy
A
Truc 4o
y A
”
>
O r Truc thuc

Ta co:

|z| = r =22 + y? x =rcosf

y =rsinf tanf = =



Nhu vay, ta c6 thé viét

iy

z=x+1iy =%+ y*( * + ) (27)
Vit ety
hay
z=r(cos@ +isinf) = rcosf + irsinf (28)

Day 1a dang lugng giac ctia s6 phiic.
Vi du: Tim dang luong giac ciia sb phitc z = —1 + iv/3

Huéng dan: Tacor=—1;y=+3var=./(-1)2 +3 = 2. Nhu vay:

-1
cosh =2 =~
,
: b V3
sinf = - = —
r 2
Vay
pm
3
Dang lugng giac
2 2
z:rcosc9+irsin9:2(cos§+isin§) (29)

Hai s6 phitc dang lugng gidc duge goi 1a bang nhau khi r1 = ry va
01 = 02 + 2km. Khi nhan hai s6 phtic dang lugng giac, tri tuyét doi nhan véi
nhau con goéc thi cong lai

2129 = rirafcos(01 + O2) + isin(0; + 62)] (30)
5.3 Dang mil ctia sd phic
Dang mil ctia sd phitc ¢6 thé duge thiét lap nhu sau. Dat f() 13 ham thoa
diéu kien A
f(6) = (cos @ + isinf)e (31)
Lay dao ham (31) theo 6, ta c6

d . .. i —i0 _iei ..
dHf(e) = (cosf +isinf) 75¢ +e 7 (cosf + isind) (32)
Ap dung

(sinz) = cosx; (cosz) = —sinx; (") = ae™



Ta suy ra
f'(0) = (cos 0 + isin0)(—i)e ™ + e~ (—sin @ + icosb) (33)

Sau khi don gian (33), ta c6

f(0)=0
Nhu vay f(6) phai 1a ham khong thay doi theo 0. Bsi vi £(0) duge xac dinh,
nén ta luon c6 f(0) = f(0). Hay

(cosf +isinf)e ¥ = (cos0 +isin0)e ™ =’ =1 (34)
Nhan hai vé (34) vé6i e, ta c6
(cosf + isinf)e~ el = i (35)
vi e e = ¢¥ = 1, nen (35) tré thanh
(cos + isin ) = e (36)

hay ‘
2z =r(cosf +isinf) = re? (37)

Day chinh 13 dang mii clia s6 phitc. Khi d6, lién hgp phiic ciia z 1a
2=z —iy=re ¥ (38)

Néu z 1a s6 thuyc thi phan 4o ctia n6 phai 1a zero. Vay nén z chi 1a s6
thure khi va chi khi 2 = 2z*. Lay tich ctia z v6i lién hop phiic clia n6 z = z*,
ta dugc

2

22" = (wtiy)(z —iy) = (@® = Py) =2? + P =r? = [z (39)

Khi thuc hién cac phép toan déi véi s6 phiic, dé don gidn ching ta nén

diing dang mii. Mudn tim dang mi tit dang dai sé ta chuyén dang dai s6
sang dang lugng giac trudc.

Vi du: Tim dang mi clia z = —v/3 +1

Huéng dén: Ta c6 dang lugng giac

5 5
z = 2(cos g + isin %)
Vay dang mi 1a
5 = 26i57r/6
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Bai tap

1. M6t hop chia 100 vién bi, trong dé c¢6 60 vién nadng 14 gam va 40 vién
ning 15 gam. Tinh xéc suat dé sau hai lan boc lien tiép (khong hoan lai) ta
duge hai vién bi c6 khéi lugng tong cong la (a) 28 gam; (b) 30 gam; (c) 29
gam.

3 ..
2. Cho ¢ = \2[62”. Tinh |c|?.

3. Tim dang lugng giac ciia (a) z = e21%; (b) z = eat7/2,

4. Tim tri tuyet dbi va phase ciia: (a) 4; (b) ae™/3; (¢) 1 — 2i.

5. Cho ham phiic z = ae’™¥. Véi a va m 1a nhitng hing s6 thuc.
a) Tinh |2|2.
b) Viét phuong trinh dang lugng giac cla z.

6. Cho biét ham sau day da chuan héa

Flay = (1) e

™

Trong d6 b 1a hiing s6 thue. Ap dung diéu kien chudn héa, tinh tich phan

o0 2
/ e b dy
0

7. Néu 11, 1o vA 1 = c11)1 + c21)9 13 nhiing nghiém ctia mot phuong trinh
Schroedinger thi ching sé chuan héa va tric giao vdi nhau; nghia la

[ wivide = [ wgado = [~ vt =1
KZM%M=K:@MMZO

Tt tinh chuan hoa va tryc giao cia ham séng, hay ching minh
a. Téng binh phuong tri tuyét déi cac hé sb c1, co bing don vi

|C1|2 + ’CQ|2 =1

b. Nang lugng ciia trang thai ¢; duge tinh nhu sau

B = /_ Z vif - 2 1) | g, ()] da

2m  dz?
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